Gauge invariant Lagrangian formulation of massive higher spin fields in (A)dS3 space  by Buchbinder, I.L. et al.
Physics Letters B 716 (2012) 243–248Contents lists available at SciVerse ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Gauge invariant Lagrangian formulation of massive higher spin ﬁelds in (A)dS3
space
I.L. Buchbinder a, T.V. Snegirev a, Yu.M. Zinoviev b,∗
a Department of Theoretical Physics, Tomsk State Pedagogical University, Tomsk 634061, Russia
b Institute for High Energy Physics, Protvino, Moscow Region, 142280, Russia
a r t i c l e i n f o a b s t r a c t
Article history:
Received 24 July 2012
Accepted 14 August 2012
Available online 16 August 2012
Editor: B. Grinstein
We develop the frame-like formulation of massive bosonic higher spin ﬁelds in the case of three-
dimensional (A)dS space with the arbitrary cosmological constant. The formulation is based on gauge
invariant description by involving the Stueckelberg auxiliary ﬁelds. The explicit form of the Lagrangians
and the gauge transformation laws are found. The theory can be written in terms of gauge invariant
objects similar to the massless theories, thus allowing us to hope to use the same methods for
investigation of interactions. In the massive spin 3 ﬁeld example we are able to rewrite the Lagrangian
using the new the so-called separated variables, so that the study of Lagrangian formulation reduces to
ﬁnding the Lagrangian containing only half of the ﬁelds. The same construction takes places for arbitrary
integer spin ﬁeld as well. Further working in terms of separated variables, we build Lagrangian for
arbitrary integer spin and write it in terms of gauge invariant objects. Also, we demonstrate how to
restore the full set of variables, thus receiving Lagrangian for the massive ﬁelds of arbitrary spin in the
terms of initial ﬁelds.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
The construction of the consistent theory describing the in-
teracting dynamics of higher spin ﬁelds is an old and intriguing
problem that really very far to be solved (for some recent re-
views see [1]). Taking into account complexity of the problem and
technical diﬃculties it seems that higher spin theories in three
dimensions that appear to be much simpler may provide nice play-
ground to gain some useful experience. In particular, contrary to
the situation in d  4 dimensions [2], in three dimensions it is
not necessary to consider inﬁnite number of massless higher spin
ﬁelds to build a consistent interacting theory [3–5]. Also it is im-
portant that similar to gravity and supergravity theories in three
dimensions [6], many higher spin models can be considered as
Chern–Simons ones [4,5] and such possibility of rewriting the ac-
tion in the Chern–Simons form is widely used in investigations of
possible higher spin interactions.
Till now most of works on the three-dimensional higher spin
theories were devoted to construction of interaction for massless
ﬁelds [4,7,5] or parity odd topologically massive ones [8] with
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Open access under CC BY license.the most notable exception being the so-called New massive grav-
ity [9] (see also [10]). But massless higher spin ﬁelds in three
dimensions being pure gauge do not have any physical degrees of
freedom, while topologically massive one though do contain phys-
ical degrees of freedom but due to their speciﬁc properties can
hardly be generalized to higher dimensions. That is why we think
that it is important to investigate parity even interacting theories
for massive higher spin ﬁelds. On the one hand, such theories will
certainly have physical interest by themselves and from the other
hand we may expect that they admit higher dimensional general-
izations.
Lagrangian description for massive higher spin ﬁelds in three
dimensions for the ﬁrst time was given in [11]. In this Letter
we provide frame-like gauge invariant formalism for such ﬁelds,
which in our opinion is the most suitable one for investigation of
massive higher spin ﬁeld interactions. Recall that frame-like for-
malism, generalizing the well known frame formalism for gravity,
was initially formulated for massless ﬁelds [12] and then extended
to massive case [13,14]. Such formalism nicely works both in ﬂat
Minkowski space as well as in (A)dS spaces with arbitrary value of
cosmological constant. Also it gives a possibility to use for the mas-
sive ﬁelds the results obtained for more simple case of massless
ﬁelds. Last but not least, it is the application of frame-like for-
malism that allows reformulating the massless three-dimensional
theories in the Chern–Simons form [5]. In this work we will pay
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ﬁelds in terms of gauge invariant objects and the Chern–Simons
actions.
The work is organized as follows. In the rest part of the in-
troduction we formulate our notations and conventions as well
as give basic information on the frame-like formulation of higher
spin ﬁelds. In Section 2 we brieﬂy review the massless bosonic
ﬁelds in the frame-like formulation conﬁning ourselves by main
results and the possibility to reformulate these theories in terms
of separated variables only. In Section 3 we consider in detail the
example of massive spin 3 ﬁeld. At ﬁrst, we give explicit expres-
sions for the Lagrangian and gauge transformations and then we
introduce a gauge invariant objects in terms of which Lagrangian
is rewritten in the Chern–Simons form. Also we show that it is
possible to introduce separated variables in a way similar to the
massless case. In Section 4 we consider massive ﬁelds with an ar-
bitrary integer spin. This time, based on experience obtained in
spin 3 case, we, from the very beginning, work with separated
variables and the Lagrangian written in the Chern–Simons form so
that construction turns out to be straightforward and rather sim-
ple. And then we easily obtain the complete theory in terms of
initial ﬁelds.
Notations and conventions. In the frame-like formalism the
ﬁelds of the arbitrary integer spin are described by a pair of
1-forms1
Φμ
a1a2...as−1 , Ωμ
b,a1a2...as−1 , Ωμ
(b,a1a2...as−1) = 0
Here Greek letters are used for the world indices and Latin letters
for the local ones. The ﬁelds are totally symmetric with respect
to indices a and traceless in all local indices. Indices in parenthe-
ses here and below will mean a complete symmetrization without
normalization factor. The ﬁrst ﬁeld generalizes the frame ﬁeld in
gravity and plays the role of the physical ﬁeld and the second
one is auxiliary generalizing the concept of the Lorentz connec-
tion in gravity. In d = 3 there is a fully antisymmetric third rank
tensor εabc , using which we can introduce the dual ﬁeld
Ωμ
a1a2...as−1 = εbc(a1Ωμb,c|a2...as−1)
which is completely symmetric and traceless on local indices.
We work in the (A)dS space and use the notation Dμ for co-
variant derivative normalized as follows
[Dμ, Dν ]ξa = λ2e[μaξν], λ2 = −Λ
where eμa plays the role of (non-dynamical) frame of (A)dS back-
ground, and Λ is an arbitrary cosmological constant. One can al-
ways consider the situation with a positive or negative Λ, as well
as analyze the ﬂat limit, putting λ = 0. Using the frame eμa and
its inverse, whenever it is convenient we convert local indices into
world ones and back, for example
Φμ,ν
a1...as−2 = eνas−1Φμa1...as−1
We will write down the world indices explicitly, so to write the ex-
pression in totally antisymmetric form on the world indices (which
is equivalent to an external product of 1-forms) we will often use
the notation
{μν
ab
}= eμaeνb − eμbeνa
and similarly for {μναabc }.
1 In d  4 dimensions one also has to introduce so-called extra ﬁelds
Ωμ
b1 ...bt ,a1 ...as−1 , 2 t  s − 1. But in three dimensions all these ﬁelds are absent
and this greatly simpliﬁes all calculations.2. The kinematics of massless ﬁelds
In this section we give frame-like formalism for the massless
ﬁelds in (A)dS3 space which then will be used as building blocks
in gauge invariant description for massive ones.
Spin 2. This particle is described by a pair of ﬁelds Ωμa , fμa with
the following free Lagrangian
L= −εμναΩμaDν fαa + 1
2
{μν
ab
}[
Ωμ
aΩν
b + λ2 fμa fνb
]
(1)
which is invariant under the following gauge transformations
δΩμ
a = Dμηa + λ2εμabξb
δ fμ
a = Dμξa + εμabηb (2)
For all massless higher spin ﬁelds (s 2) the free Lagrangians can
be conveniently rewritten using gauge invariant objects. For s = 2
we introduce the dual curvature and torsion
Fμνa = D[μΩν]a + λ2ε[μab fν]b
Tμνa = D[μ fν]a + ε[μabΩν]b (3)
With the help of these object the Lagrangian can be rewritten as
L= −1
4
εμνα
[
Ωμ
aTναa + fμaFναa
]
(4)
In AdS3 space with non-zero cosmological constant we can refor-
mulate theory in terms of new separated variables
Ω±μa = Ωμa ± λ fμa, η±a = ηa ± λξa (5)
and corresponding gauge invariant objects
F±μνa =Fμνa ± λTμνa = D[μΩ±ν]a ± λε[μabΩ±ν]b (6)
Then the original Lagrangian in the new ﬁeld variables has the
form
L= − 1
8λ
εμνα
[
Ω+μaF+ναa − Ω−μaF−ναa
]
(7)
Thus it is clear that the variables are separated and each half of
the Lagrangian is invariant under its own gauge transformation of
the same type, namely
δΩ±μa = Dμη±a ± λεμabη±b (8)
Moreover, in such formulation the invariance of the Lagrangian can
be easily checked using differential identities for curvatures:
D[μF±να]a = ∓λε[μabF±να]b (9)
Thus, we can work with one half of the Lagrangian and one ﬁeld
only.
Arbitrary spin s. Here we will use a pair of ﬁelds Ωμa1a2...as−1
and Φμa1a2...as−1 which are completely symmetric and traceless in
local indices. To simplify expressions we will use compact nota-
tions Φμa1...ak = Φμ(k) and similarly for all other objects where k
denotes the number of local indices. In these notations the free
Lagrangian has the form
L= (−1)s
[
−εμναΩμ(s−1)DνΦα(s−1)
+ s − 1
2
{μν
ab
}
Ωμ
a(s−2)Ωνb(s−2)
+ (s − 1)λ
2 {μν
ab
}
Φμ
a(s−2)Φνb(s−2)
]
(10)
2
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δΩμ
(s−1) = Dμη(s−1) − λ2εμb(1ξ s−2)b
δΦμ
(s−1) = Dμξ(s−1) − εμb(1ηs−2)b (11)
As in the spin 2 case, the Lagrangian can be rewritten in terms of
gauge invariant objects (which we will call curvatures)
Gμν(s−1) = D[μΩν](s−1) − λ2ε[μb(1Φν]s−2)b
Hμν(s−1) = D[μΦν](s−1) − ε[μb(1Ων]s−2)b (12)
as
L= − (−1)
s
4
εμνα
[
Ωμ
(s−1)Hνα(s−1) + Φμ(s−1)Gνα(s−1)
]
(13)
By analogy with spin 2 case we introduce the new variables
Ω±μ(s−1) = Ωμ(s−1) ± λΦμ(s−1) (14)
in this, the Lagrangian can be rewritten as follows
L= − (−1)
s
8λ
εμνα
[
Ω+μ(s−1)G+να(s−1)
− Ω−μ(s−1)G−να(s−1)
]
(15)
where
G±μν(s−1) = G±μν(s−1) ± λH±μν(s−1)
= D[μΩ±ν](s−1) ∓ λε[μb(1Ω±ν]s−2)b (16)
Each half of the Lagrangian is invariant with respect to one type of
gauge transformations
δΩ±μ(s−1) = Dμη±(s−1) ∓ λεμb(1η±s−2)b (17)
where
η±(s−1) = η(s−1) ± λξ(s−1)
Similarly to spin 2 case, the invariance of the Lagrangian in such
formulation directly follows from differential identities for curva-
tures:
D[μG±να](k) = ±λε[μa(1G±να]k−1)a (18)
Thus as in the spin 2 case one can work with only one ﬁeld and
one half of the Lagrangian, which in the component form looks
like:
L= (−1)
s
4λ
[
λ(s − 1){μνab }Ω+μa(s−2)Ω+νb(s−2)
− εμναΩ+μ(s−1)DνΩ+α(s−1)
]
(19)
In the massless case it may seem that using the separated variables
does not simplify calculations very much. However, in a massive
case due to the large number of ﬁelds involved such technics gives
signiﬁcant simpliﬁcation.
3. Massive spin 3 ﬁeld
In this section we begin with the usual gauge invariant descrip-
tion of massive spin 3 ﬁeld adopted to d = 3 dimensions and then
we show that it can be reformulated in terms of separated vari-
ables similar to the massless case.
Massive spin 3 ﬁeld for the frame-like gauge invariant descrip-
tion [13] requires four pairs of ﬁelds (Ωμab,Φμab), (Ωμa, fμa),
(Ba, Aμ) and (πa,ϕ), the last three of which play the roles of
Stueckelberg ﬁelds. The Lagrangian has the formL0 = −
{μν
ab
}
Ωμ
acΩν
bc + εμναΩμabDνΦαab
+ 1
2
{μν
ab
}
Ωμ
aΩν
b − εμναΩμaDν fαa
+ 1
2
BaBa − εμναBμDν Aα − 1
2
πaπa + πμDμϕ
+ εμνα[3mΩμ,νa fαa +mΦμ,νaΩαa
− 2m˜Ωμ,ν Aα + m˜ fμ,ν Bα
]+ MπμAμ
+ {μνab }
[
−M
2
36
Φμ
acΦν
bc + M
2
8
fμ
a fν
b
]
+ Mm˜eμa fμaϕ + 3m˜2ϕ2 (20)
and is invariant under the following set of gauge transformations
δ0Ωμ
ab = Dμηab − M
2
36
εμ
c(aξb)c + a2
2
(
eμ
(aηb) − 2
3
gabημ
)
δ0Φμ
ab = Dμξab − εμc(aηb)c + 3m
2
(
eμ
(aξb) − 2
3
gabξμ
)
δ0Ωμ
a = Dμηa + 3mημa + M
2
4
εμ
abξb
δ0 fμ
a = Dμξa + εμabηb +mξμa + 2m˜eμaξ
δ0B
a = −2m˜ηa, δ0Aμ = Dμξ + m˜ξμ
δ0π
a = Mm˜ξa, δ0ϕ = −Mξ (21)
where
m˜2 = 8m2 + 4λ2, M2 = 18(3m2 + 2λ2)
Contrary to the massless case this Lagrangian cannot be rewrit-
ten in terms of separated variables. Indeed, while description
of spin 3 and spin 2 components contains the symmetric pairs
(Ωμ
ab,Φμ
ab) and (Ωμa, fμa), it is not the case for spin 1 and
spin 0 ones. To make it possible we partially ﬁx the gauge ϕ = 0,
solve the algebraic equation for the π ﬁeld expressing Aμ = 1Mπμ
and change the normalization πμ → Mπμ , because now the ﬁeld
πa will play the role of physical one. As a result, we obtain the
Lagrangian
L0 = −
{μν
ab
}
Ωμ
acΩν
bc + εμναΩμabDνΦαab + 1
2
{μν
ab
}
Ωμ
aΩν
b
− εμναΩμaDν fαa + 1
2
BaBa − εμναBμDνπα
+ εμνα[3mΩμ,νa fαa +mΦμ,νaΩαa
− 2m˜Ωμ,νπα + m˜ fμ,ν Bα
]
+ {μνab }
[
−M
2
36
Φμ
acΦν
bc + M
2
8
fμ
a fν
b
]
+ M
2
2
πaπa (22)
The gauge transformations take the form
δ0Ωμ
ab = Dμηab − M
2
36
εμ
c(aξb)c + m
2
(
eμ
(aηb) − 2
3
gabημ
)
δ0Φμ
ab = Dμξab − εμc(aηb)c + 3m
2
(
eμ
(aξb) − 2
3
gabξμ
)
δ0Ωμ
a = Dμηa + 3mημa + M
2
4
εμ
abξb
δ0 fμ
a = Dμξa + εμabηb +mξμa
δ0B
a = −2m˜ηa, δ0πa = m˜ξa (23)
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we can build six gauge invariant objects (which we will call cur-
vatures though there are two-forms as well as one-forms among
them)
Gμνab = D[μΩν]ab − M
2
36
ε[μc(aΦν]b)c
+ m
2
(
e[μ(aΩν]b) + 2
3
gabΩ[μ,ν]
)
Hμνab = D[μΦν]ab − ε[μc(aΩν]b)c
+ 3m
2
(
e[μ(a fν]b) + 2
3
gab f[μ,ν]
)
Fμνa = D[μΩν]a − 3mΩ[μ,ν]a − m˜e[μaBν] + M
2
4
ε[μab fν]b
Tμνa = D[μ fν]a + ε[μabΩν]b −mΦ[μ,ν]a + 2m˜e[μaπν]
Bμa = DμBa + 2m˜Ωμa − M
2
2
εμ
abπb − Wμa
Πμ
a = Dμπa − 1
2
εμ
ab Bb − m˜ fμa − Vμa (24)
where zero form auxiliary ﬁelds Wab , V ab (that do not enter the
free Lagrangian) are symmetric and transformed as follows
δWab = 6mm˜ηab, δV ab = −mm˜ξab
Then it is possible to rewrite the Lagrangian (22) using these cur-
vatures in the following form
L0 = 1
4
εμνα
[
Ωμ
abHναab + ΦμabGναab − ΩμaTναa
− fμaFναa − 2BμΠν,α − 2πμBν,α
]
(25)
Such description contains three symmetric pairs (Ωμab,Φμab),
(Ωμ
a, fμa) and (Ba,πa). Thus we can introduce new variables
Ωˆ±μab = Ωμab ± M
6
Φμ
ab, Bˆa± = Ba ∓ Mπa
Ωˆ±μa = Ωμa ± M
2
fμ
a, Wˆ±μa = Wμa ∓ MVνa
while the corresponding curvatures will have the form
Gˆ±μνab = D[μΩˆ±ν]ab ∓ M
6
ε[μc(aΩˆ±ν]b)c
+ m
2
[
e[μ(aΩˆ±ν]b) + 2
3
gabΩˆ±[μ,ν]
]
Fˆ±μνa = D[μΩˆ±ν]a − 3mΩˆ±[μ,ν]a
− m˜e[μa Bˆ±ν] ± M
2
ε[μabΩˆ±ν]b
Bˆ±μa = Dμ Bˆa± + 2m˜Ωˆ±μa ±
M
2
εμ
ab Bˆb± − Wˆ±μa (26)
In terms of the new ﬁelds and curvatures the free Lagrangian can
be rewritten as
L0 = L+ −L−
L± = 1
4M
εμνα
[
3Ωˆ±μabGˆ±ναab − Ωˆ±μaFˆ±ναa
+ Bˆ±μBˆ±να
]
(27)
We see that the variables are separated, i.e. now there is no mix-
ing between them. Each half is invariant with respect to one type
gauge transformations and it looks like the Chern–Simons actionfor the massless ﬁelds. Moreover, as in the massless case the gauge
invariance of the Lagrangian can be most easily checked using cor-
responding differential identities:
D[μGˆ±να]ab = −m
2
[
e[μ(aFˆ±να]b) + 2
3
gabFˆ±[μν,α]
]
± M
6
ε[μc(aGˆ±να]b)c
D[μFˆνα]a = −3mGˆ±[μν,α]a + m˜e[μaBˆ±ν,α] ∓ M
2
ε[μabFˆ±να]b
D[μBˆ±ν]a = 2m˜Fˆ±μνa ∓ M
2
ε[μabBˆ±ν]b − Wˆ±μνa (28)
Thus we can work with one half of the ﬁelds only, in this com-
ponent form for the corresponding Lagrangian (with a plus sign
omitted) looks like:
L0 = 1
4M
εμνα
[
6Ωˆμ
abDνΩˆα
ab − 2ΩˆμaDνΩˆαa
+ BˆμDν Bˆα + 12mΩˆμ,νaΩˆαa + 4m˜Ωˆμ,ν Bˆα
]
− 1
4
{μν
ab
}[
2Ωˆμ
acΩˆν
bc − ΩˆμaΩˆνb
]+ 1
4
Bˆ2 (29)
This Lagrangian is invariant under the following gauge transforma-
tions
δ0Ωˆμ
ab = Dμηˆab − M
6
εμ
c(aηˆb)c + m
2
[
eμ
(aηˆb) − 2
3
gabηˆμ
]
δ0Ωˆμ
a = Dμηˆa + M
2
εμ
abηˆb + 3mηˆμa
δ0 Bˆ
a = −2m˜ηˆa (30)
where the gauge parameters are deﬁned as follows
ηˆab = ηab + M
6
ξab, ηˆa = ηa + M
2
ξa
Thus we have obtained a frame-like gauge invariant description of
massive spin 3 ﬁelds in terms of separated variables. Actually we
have two identical copies of the same Lagrangian. Therefore it is
suﬃcient to study a structure only one of them and restore a total
Lagrangian at the very end. Now we are ready for generalization to
the arbitrary spin ﬁeld case. We will see that the similar situation
is also valid in general case.
4. Massive ﬁeld with arbitrary integer spin
In this section we construct frame-like gauge invariant formu-
lation for massive ﬁelds with the arbitrary integer spin. Having
gained some experience from the spin 3 case, from the very be-
ginning we will work in terms of separated variables. Thus we will
look for the Lagrangian in the form
L0 =
s−1∑
k=1
(−1)k ak
2
εμναΩˆμ
(k)Gˆνα(k) + a0
2
εμνα BˆμBˆν,α (31)
while for the curvatures we will use the following expressions gen-
eralizing that of (26):
Gˆμν(k) = D[μΩˆν](k) − γkΩˆ[μ,ν](k) + βkε[μb(1Ωˆν]k−1)b
+ αk
[
e[μ(1Ωˆν]k−1) + 2
2k − 1 g
(2Ωˆ[μ,ν]k−2)
]
Bˆμa = Dμ Bˆa − γ0Ωˆμa + β1εμba Bˆb − Wˆμa (32)
In this, corresponding gauge transformations will look like (com-
pare (30)):
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(k) = Dμηˆ(k) + βkεμb(1ηˆk−1)b + γkηˆμ(k)
+ αk
[
eμ
(1ηˆk−1) − 2
2k − 1 g
(2ηˆμ
k−2)
]
δ Bˆa = γ0ηˆa (33)
First of all, note that in order to the Lagrangian rewritten in terms
of initial ﬁelds Ωˆμ(k) = Ωμ(k) − βkΦμ(k) and Bˆa = Ba + κ0πa had
the canonically normalized kinetic terms, we have to put
ak = − 14βk , k 1, a0 = −
1
4κ0
, κ0 = 2β1 (34)
Then one can show by direct calculations that for curvatures (32)
be invariant under gauge transformations (33) the following two
relations must hold
(k + 2)βk+1 = kβk (35)
2k + 3
2k + 1γkαk+1 − γk−1αk + βk
2 − λ2 = 0 (36)
From the explicit expressions for curvatures it is not hard to obtain
the differential identities
D[μGˆνα](k) = −βkε[μa(1Gˆνα]k−1)a − γkGˆ[μν,α](k)
− αk
[
e[μ(1Gˆνα]k−1) + 2
2k − 1 g
(2Gˆ[μν,α]k−2)
]
D[μBˆν]a = −β1ε[μbaBˆν]b − γ0Gˆμνa (37)
Using them one can easily check that the Lagrangian will be gauge
invariant provided one more relation holds
kakαk − ak−1γk−1 = 0 (38)
Now let us solve these relations to obtain expressions for all un-
known coeﬃcients. Eq. (35) provides recurrent relation on βk that
allows expressing all of them in terms of βs−1
βk = s(s − 1)k(k + 1)βs−1 (39)
Then from (38) we obtain
γk−1 = k(k + 1)
(k − 1) αk, k 2, γ0 = 2α1 (40)
Substituting all these in (35), (36) we get
(2k + 3)(k + 1)(k + 2)
k(2k + 1) αk+1
2 − k(k + 1)
(k − 1) αk
2
+ βk2 − λ2 = 0, k 2 (41)
10α2
2 − 2α12 + β12 − λ2 = 0 (42)
Taking into account that αs = 0 Eq. (41) for k = s − 1 gives us
βs−12 = s(s − 1)
(s − 2) αs−1
2 + λ2 (43)
while for other values of k it can be considered as recurrent rela-
tion on αk . This relation can be directly solved and we obtain
αk = (k − 1)(s − k)(s + k)
k3(k + 1)(2k + 1)
· [αˆs−12 + (s − k − 1)(s + k − 1)λ2], k > 1 (44)
where we have introduced
αˆs−12 = s(s − 1)
3
s − 2 αs−1
2
while the remaining unknown coeﬃcient α1 is determined by (42).The resulting Lagrangian can be written in component terms as
follows (compare (29)):
L=
s−1∑
k=1
(−1)k+1
4βk
[
εμνα
(
Ωˆμ
(k)DνΩˆα
(k)
+ 2kαkΩˆμ,ν (k−1)Ωˆα(k−1)
)+ kβk{μνab }Ωˆμa(k−1)Ωˆνb(k−1)]
− 1
8β1
[
εμνα BˆμDν Bˆα − 2β1 Bˆa Bˆa
]
Now we can easily obtain the formulation in terms of ini-
tial variables Ωˆμ(k) = Ωμ(k) − βkΦμ(k) and Bˆa = Ba + 2β1πa .
As we have already noted, the Lagrangian will have a canonical
form:
L=
s−1∑
k=0
(−1)k 1
4
εμνα
[
Ωμ
(k)Hνα(k) + Φμ(k)Gνα(k)
]
− 1
2
εμνα[BμΠνα + πμBνα] (45)
where gauge invariant curvatures are deﬁned as follows
Gμν(k) = D[μΩν](k) − (k + 1)(k + 2)αk
k
Ω[μ,ν](k)
+ αk
[
e[μ(1Ων]k−1) + 2
2k − 1 g
(2Ω[μ,ν]k−2)
]
− βk2ε[μa(1Φν]k−1)a
Hμν(k) = D[μΦν](k) − (k + 1)αk+1Φ[μ,ν](k)
+ γk−1
k
[
e[μ(1Φν]k−1) + 2
2k − 1 g
(2Φ[μ,ν]k−2)
]
− ε[μa(1Ων]k−1)a
Bμa = DμBa − 2α1Ωμa + 2β12εμbaπb − Wμa
Πμ
a = Dμπa + α1 fμa + 1
2
εμ
baBb − Vμa (46)
while gauge transformations leaving the Lagrangian and curvatures
invariant look like
δΩμ
(k) = Dμη(k) + αk
[
eμ
(1ηk−1) − 2
3
g(2ημ
k−2)
]
− βk2εμb(1ξk−1)b + (k + 1)(k + 2)k αkημ
(k)
δΦμ
(k) = Dμξ(k) + γk−1
k
[
eμ
(1ξk−1) − 2
3
g(2ξμ
k−2)
]
− εμa(1ηk−1)a + (k + 1)αkξμ(k)
δBa = 2α1ηa, δπa = −α1ξa (47)
Let us also give here a component form for the Lagrangian to be
compared with (29)
L=
s−1∑
k=1
(−1)k+1
[
k
2
{μν
ab
}
Ωμ
a(k−1)Ωαb(k−1)
− εμναΩμ(k)DνΦα(k) + k
2
βk
2{μν
ab
}
Φμ
a(k−1)Φαb(k−1)
]
−
s−1∑
k=2
(−1)k+1εμνα[γk−1Ωμ,ν(k−1)Φα(k−1)
+ αkkΩμ(k−1)Φν,α(k−1)
]
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2
BaBa − εμναBμDνπα + 2β12πaπa
− εμνα[α1Bμ fν,α − 2α1Ωμ,νπα] (48)
As in terms of separated variables, there is one arbitrary parameter
αs−1 which is ﬁxed by the normalization of the mass. For example,
the canonical normalization corresponds to
αs−12 = s − 2
s(s − 1)2m
2
5. Summary
In this Letter we have given the gauge invariant Lagrangian for-
mulation of d = 3 massive bosonic higher spin ﬁelds in (A)dS3
space, working within the frame-like approach. The gauge invari-
ance is ensured by the use of the Stueckelberg auxiliary ﬁelds.
Similarly to the massless case we have rewritten the Lagrangians
for massive ﬁelds in terms of gauge invariant objects similarly to
Chern–Simons actions. This is achieved by a partial gauge ﬁxing, so
that the scalar ﬁeld is excluded. This was clearly demonstrated for
massive spin 3 ﬁeld example with a further reformulation of the
theory in terms of separated ﬁeld variables. The separated vari-
ables allow us working with one half of ﬁelds that greatly simpli-
ﬁes all calculations. Finally, using the separated variables, we have
constructed the Lagrangian for the massive ﬁeld of arbitrary inte-
ger spin and have shown how to restore the theory in terms of
original ﬁelds. Due to the partial gauge ﬁxing, the resulting theory
in original ﬁelds does not contain the auxiliary scalar ﬁeld.
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